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INJECTIVE MODULES AND TORSION FUNCTORS 


PHAM HUNG QUY AND FRED ROHRER 

Abstract. A commutative ring is said to have ITI with respect to an ideal a if the 
a-torsion functor preserves injectivity of modules. Classes of rings with ITI or without 
ITI with respect to certain sets of ideals are identified. Behaviour of ITI under formation 
of rings of fractions, tensor products and idealisation is studied. Applications to local 
cohomology over non-noetherian rings are given. 


Introduction 

Let R be a rinj^. It is an interesting phenomenon that the behaviour of injective R- 
modules is related to noetherianness of R. For example, by results of Bass, Maths and 
Papp ([HI 3.46; 3.48]) the following statements are both equivalent to R being noetherian: 
(i) Direct sums of injective R-modules are injective; (ii) Every injective R-module is a 
direct sum of indecomposable injective R-modules. 

In this article, we investigate a further property of the class of injective R-modules, 
dependent on an ideal a C R, that is shared by all noetherian rings without characterising 
them: We say that R has ITI with respect to a if the a-torsion submodule of any injective 
R-module is again injectivl^. It is well-known that ITI with respect to a implies that every 
o-torsion R-module has an injective resolution whose components are a-torsion modules. 
We show below fll.lj) that these two properties are in fact equivalent. 

Our interest in ITI properties stems from the study of the theory of local cohomology 
(i.e., the right derived cohomological functor of the a-torsion functor). Usually, local coho¬ 
mology is developed over a noetherian ring (e.g., 0), although its creators were obviously 
interested in a more general theory - see [7]. While some deeper theorems about local 
cohomology might indeed rely on noetherianness, setting up its basic machinery does not 
need such a hypothesis at all. The ITI property with respect to the supporting ideal serves 
as a convenient substitute for noetherianness, and thus identifying non-noetherian rings 

2010 Mathematics Subject Classification. Primary I3CII; Secondary I3D45. 

Key words and phrases. ITI, non-noetherian ring, injective module, torsion functor, local cohomology, 
weakly proregular ideal. 

PHQ was partially supported by NAFOSTED (Vietnam), grant no. 101.04-2014.25. An earlier 
version of this article was cited as Bad behaviour of injeetive modules. 

^Throughout the following rings are understood to be commutative. 

^ITI stands for “injective torsion of injectives”. 


1 




INJECTIVE MODULES AND TORSION FUNCTORS 


2 


with ITI is a first step in extending applicability of local cohomology beyond noetherian 
rings, in accordance with natural demands from modern algebraic geometry and homolog¬ 
ical algebra^ Besides the approach via ITI, there is also the extension of local cohomology 
to non-noetherian rings via the notion of weak proregularity. This originates in [^, was 
studied by several authors (IB. HB. PDl). and is quite successful from the point of view 
of applications. However - and in contrast to ITI - it applies only to supporting ideals of 
hnite type, and when working in a non-noetherian setting, it seems artihcial to restrict 
ones attention a priori to ideals of hnite type. 

The hrst section contains mostly positive results. Besides giving a new proof of the fact 
that noetherian rings have ITI with respect to every ideal fll.lbjl . we prove that absolutely 
hat rings have ITI with respect to every ideal fll.l2jl and that 1-dimensional local domains 
(e.g. valuation rings of height 1) have ITI with respect to ideals of hnite type fll.lQjl . We 
also show that ITI properties are preserved by formation of rings of fractions fll.Sjl and 
discuss further necessary or sufficient conditions for ITI. 

Unfortunately, there are a lot of nice rings without ITI, even with respect to some 
principal ideals. In the second section, we provide several such examples (12.2112.3112.9p 
and also show that ITI may be lost by natural constructions such as idealisation fl2.10p 
or base change (12.Sp . even when performed on noetherian rings. 

The goal of the third section is twofold. First, we show that ITI with respect to an 
ideal a of hnite type is strictly stronger than weak proregularity of a (13.1113.2p . Second, 
to round oh, we sketch how to swap ITI for noetherianness in some basic results on local 
cohomology. 

Our study of rings with or without ITI left us with at least as much questions as we 
found answers; some of them are pointed out in the following. We consider this work as 
a starting point in the search for non-noetherian rings with ITI and hope this naturally 
arising and interesting class of rings will be further studied and better understood. 

General notation and terminology follows Bourbaki’s Elements de mathematique; con¬ 
cerning local cohomology we follow Brodmann and Sharp (|1]). 

1. Rings with ITI 

Let R be a ring and let a C R be an ideal. We choose for every R-module M an injective 
hull eui^M) : M ^ Er{M) with cr^M) = Mm if M is injective; for basics on injective hulls 
we refer the reader to [21 X.1.9]. The a-torsion functor Tn is dehned as the subfunctor of 
the identity functor on the category of R-modules with Ta{M) = UnGN(0 -m a") Mr each 
R-module M. For basics on torsion functors we refer the reader to |1], but not without 

^Concerning “theorems that might indeed rely on noetherianness”, let us mention that in l3.7l we exhibit 
rings with ITI with respect to every ideal but without Grothendieck vanishing. 
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a word of warning that over non-noetherian rings these fnnctors may behave differently 
than over noetherian ones - see [T5]l^ 

(1.1) Proposition The following statements are equivalent: 

(i) Ta{M) is injective for any injective R-module M; 

(a) Every a-torsion R-module has an injective resolution whose components are a-torsion 
modules; 

(Hi) Eji{Va{ER{M))) = ra{Epi{M)) for every R-module M; 

(iv) r„(Ei^(r„(M))) = Eji{Ta{M)) for every R-module M. 

Proof. The eqnivalences “(i)-v^(iii)” and “(ii)y^(iv)” are immediate. 

“(iii)^(iv)”: Let M be an i?-module. Then, 

r„(M) c r,{En{r,{M))) c Eji{r,{M)). 

Taking injective hnlls yields 

Er{t,{m)) c EK(r„(EK(r„(M)))) c ER{r,{M)). 

As the i?-module in the middle eqnals r(j(i?R(r(j(M))) by (hi) we get the desired eqnality. 
“(iv)^(iii)”: Let M be an i?-modnle. Then, 

T,{Er{M)) C Er{T,{Er{M))) C En{M). 

Taking a-torsion snbmodules yields 

t,{Er{m)) c r„(E^(r„(E^(M)))) c r„(E«(M)). 

As the i?-module in the middle eqnals ER{Ta{ER{M))) by (iv) we get the desired eqnality. 

□ 

We say that R has ITI with respect to a if the statements (i)-(iv) in 11.11 hold. It is 
well-known that noetherian rings have ITI with respect to every ideal ([H 2.1.4]); we give 
a new proof of this fact below fll.lbp . Bnt let us begin by exhibiting hrst examples - albeit 
silly ones - of possibly non-noetherian rings with ITI properties. 

(1.2) Examples A) Every ring has ITI with respect to nilpotent ideals. 

B) If i? is a 0-dimensional local ring, then proper ideals of hnite type are nilpotent, and 
hence R has ITI with respect to ideals of hnite type. 

C) If /L is a held, then iL[(Xj)jg]N]/(XjXj I LJ £ ^ non-noetherian 0- 

dimensional local ring whose proper ideals are all nilpotent, hence it has ITI with respect 
to every ideal. • 

'^Although some of the following can be expressed in the language of torsion theories we avoid this 
mainly because To is not necessarily a radical if a is not of hnite type - see 12.121 
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Next we look at a necessary condition for R to have ITI with respect to a which proves 
to be very nsefnl in prodncing rings withont ITI later on. Moreover, the qnestion abont its 
snfficiency is related to the question whether ITI properties are preserved along surjective 
epimorphisms. 

(1.3) Proposition If R has ITI with respect to a, then Eji{R/a) is an a-torsion module. 

Proof. Immediately from II. 1] fiv). since R/a is an o-torsion module. □ 

(1.4) Lemma If a,b R are ideals with b C o and M is an R-module with bM = 0 
such that Er{M) is an a-torsion module, then Eji/i,{M) is an a/b-torsion module. 

Proof. Straightforward on use of the canonical isomorphism of i?/b-modules 
Hom^j(i?/b,E«(M)) = Er/^{M) (H 10.1.16]). □ 

(1.5) Question It would be useful to know whether the converse of 11.31 holds, i.e.: 

(A) Suppose Er^R/o) is an a-torsion module. Does then R have ITI with respect to a? 
For example, if b C i? is an ideal with b C a and Er^R/o) is an a-torsion module, then 
ER/b{{R/b)/{a/b)) is an a/b-torsion module bv ll.41 So, if Question (A) could be positively 
answered and R has ITI with respect to a, then R/b would have ITI with respect to a/b. 
In particular, ITI properties would be preserved along surjective epimorphisms. • 

While we do not know whether or not ITI properties are preserved along surjective 
epimorphisms (let alone arbitrary epimorphisms), we show now that they are preserved 
along flat epimorphisms, hence in particular by formation of rings of fractions|j 

(1.6) Proposition Let h: R ^ S be a flat epimorphism of rings. If R has ITI with 
respect to a, then S has ITI with respect to aS. 

Proof. Let / be an injective F-module, let b C S' be an ideal, and let /; b — >■ Tas{I) be a 
morphism of S-modules. Then, / induces a morphism of i?-modules 
b n i? — )■ r„(/ (k) = Tas{I) The i?-module I \r is injective by [Hi 3.6A], hence 
so is Tfll (/j) by our hypothesis on R. So, there exists y G Tfll) such that if a; G b fl i?, 
then f{h{x)) = xy. Let a; G b. Since h is a flat epimorphism, b = (b P\R)S by [151 IV.2.1], 
hence x is an S-linear combination of elements of b fli?, and thus f{x) = xy. Now, Tas{I) 
is injective by Baer’s criterion, and the claim is proven. □ 

(1.7) Corollary Let h: R ^ S be a flat epimorphism of rings. If R has ITI with respect 
to every ideal (of finite type), then S has ITI with respect to every ideal (of finite type). 

^This result could raise hope to obtain non-noetherian rings with ITI by considering flat epimor¬ 
phisms with noetherian source. Alas, hazard showed that flat epimorphisms with noetherian source have 
noetherian target ([TFl IV.2.3]). 
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Proof. Immediately by [T51 IV.2.1] and 11.61 


□ 


(1.8) Corollary Let T R be a subset. If R has ITI with respect to a, then T~^R has 
ITI with respect to T~^a; if R has ITI with respect to every ideal (of finite type), then 
T~^R has ITI with respect to every ideal (of finite type). 


Proof. Immediately by 11.61 and 11.71 


□ 


(1.9) Questions Since ITI properties are inherited by rings of fractions, it is natnral to 
ask for a converse, i.e., whether they can be delocalised in one of the following ways: 

(B) If Rp has ITI with respect to Op for every p G Spec(i?), does then R have ITI with 
respect to a? 

(C) Let {fi)i£i be a generating family of the ideal R. If Rp has ITI with respect to a/, for 
every i E I, does then R have ITI with respect to a? 

The following special case of Qnestion (B) deserves to be mentioned separately. 

(D) ointwise noetherian rings have ITI with respect to every 



Now we tnrn to a hrst class of rings with ITI properties, namely, the absolutely flat 
ones. Recall that R is absolutely flat if it fulhlls the following equivalent conditions 
m 3.71; 4.21]): (i) Every i?-module is flat; (ii) Every monogeneous i?-module is flat; 
(hi) Rm is a held for every maximal ideal m C R; (iv) R is reduced and dim(i?) < 0; 
(v) R is von Neumann regular. Since products of inhnitely many helds are absolutely 
hat and non-noetherian, this provides a class of interesting non-noetherian rings with 
ITI. (In view of Question (D) in 11.91 we may note that absolutely hat rings are pointwise 
noetherian.) 

(1.10) Lemma If the R-module R/a is flat, then a is idempotent. 

Proof. Applying the exact functor • R/ a to the exact sequence Q^a'^R^Rja 
yields an exact sequence 0 —)■ a/a^ —?■ R/a A R/a with h = Idi?/n. So, we get a = a^ and 
thus the claim. □ 

(1.11) Proposition If the R-module R/a is flat, then R has ITI with respect to a. 

Proof. Let M be an a-torsion R-module. The ideal a is idempotent bv ll.lOl hence aM = 0, 
and thus we can consider M canonically as an R/a-module. Now, we consider the injective 
R/a-module ER/flM) and its scalar restriction ER/flM) which is an a-torsion module. 
Moreover, the canonical morphism R ^ R/a being hat, ER/flM) (i? is injective by [TTl 

ring R is pointwise noetherian if Rp is noetherian for every p € Spec(i?). For facts on pointwise 
noetherian rings, including examples of non-noetherian but pointwise noetherian rings, we suggest [5]. 
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3.6A]. Scalar restriction to R of eRia{M) \ M —)■ ERja{M) being a monomorphism of 
modules M —)■ Eji/a{M) we thus get a monomorphism of i?-modules Er{M) —>■ 
Eji/a{M) f/j. Therefore, Eji{M) is an a-torsion module, and the claim is proven. □ 

(1.12) Corollary Absolutely flat rings have ITI with respect to every ideal. 

Proof. Immediately by 11.111 □ 

(1.13) Corollary Let m <0 R be a maximal ideal such that the R-module R/m is injective 
or that Rm is a field. Then, R has ITI with respect to m. 

Proof. Both conditions are equivalent by [HI 3.72], and they are equivalent to i?/m being 
flat by [Tnl Lemma 1]. The claim follows then from ll.lTl □ 

Next we study the relation between the property of an i?-module M of being an a- 
torsion module and the assassin of M, i.e., the set Assr{M) of primes associated with 
M. If R is noetherian, it is well-known that M is an a-torsion module if and only if its 
assassin is contained in Var(a) (i.e., the set of primes containing a). Since assassins are 
not well-behaved over non-noetherian rings, we also consider the so-called weak assassin 
Ass^(M). Recall that a prime ideal p C R is weakly associated with M if it is a minimal 
prime of the annihilator of an element of M. For basics about weak assassins we refer the 
reader to P IV. 1 Exercise 17], [12] and [2T] . 

These considerations lead to a new proof of the fact that noetherian rings have ITI with 
respect to every ideal, and to the result that 1-dimensional local domains (e.g., valuation 
rings of height 1) have ITI with respect to ideals of finite type. 

(1.14) Proposition Let M be an R-module. We consider the following statements: (1) 
M is an a-torsion module; (2) Ass^(M) C Var(a); (3) AsS]i{M) C Var(a). 

We have (1)^ (2)^ (3); if a is of finite type, we have (1)^(2)^(3); if R is noetherian, 
we have (1)^(2)^(3). 

Proof. Recall that Assr{M) C Ass^(M), with equality if R is noetherian ([S] IV. 1 Exercice 
17]). Hence, (2) implies (3), and the converse holds if R is noetherian. 

If M is an a-torsion module and p G Ass^(M), there exists x G M such that p is 
a minimal prime of (0 -.r x), hence there exists n G N with a"^x = 0, thus we get 
cR C (0 -.R x) C p, and therefore a C p. This shows (1)^(2). 

Suppose now that a is of finite type. If Ass^(M) C Var(a), then for x G M we have 
OC x), and thus there exists n G N with a”x = 0. This shows (2)^(1). □ 

(1.15) Proposition If every R-module M with Assr{M) C Var(a) is an a-torsion 
module, then R has ITI with respect to a. 
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Proof. Every i?-module has the same assassin as its injective hull ([HI 3.57]). So, if M is 
an a-torsion i?-module, then AsSij(i7^(M)) = Assr{M) C Var(a) bv 11.141 hence Er{M) 
is an a-torsion module, and thus 11.11 yields the claim. □ 

(1.16) Corollary Noetherian rings have ITI with respect to every ideal. 

Proof. Immediately from 11.141 and 11.151 □ 

(1.17) Proposition //Ass^(M) = Ass^(i7/^(M)) for every R-module M, then R has 
ITI with respect to ideals of finite type. 

Proof. Replacing Assji by Ass^ in the proof of 11.151 yields the claim. □ 

(1.18) Proposition Local rings whose non-maximal prime ideals are of finite type have 
ITI with respect to ideals of finite type. 

Proof. Let R be such a ring and let m denote its maximal ideal. If m is of finite type then 
R is noetherian by Cohen’s theorem ([ 8 l 0.6.4.7]) and the claim follows from iLTbl So, 
suppose m is not of hnite type. 

Let M be an i?-module. By 11.171 it suffices to show Ass^j^^M) = Ass^j^{Er{M)). If 
M = 0, this is fulhlled. We suppose M ^ 0 and assume Ass^(M) ^ Ass^^{Er{M)). By 
\22[ 1.8], a prime ideal of R of finite type is associated with M if and only if it is weakly 
associated with M. Therefore, our assumptions imply m G Ass^ji{Er{M)) \ Ass^(M). So, 
there exists x G Eii{M) such that m is a minimal prime of (0 \r x), and as M ^ Eii{M) 
is essential there exists r & R with rx G M \ 0. The ideal (0 rx) C R has a minimal 
prime p which is weakly associated with M, so that p 7 ^ m, but it contains (0 x), 

yielding the contradiction p = m. □ 

(1.19) Corollary 1-dimensional local domains have ITI with respect to ideals of finite 
type. 

Proof. Immediately from 11.151 □ 

(1.20) Questions The successful application of ll.l7l in the proof of II.181 lets us ask for 
more: 

(E) For which rings R do we have Ass^(M) = Ass^j^{Eji{M)) for every R-module M? 

By [m 3.57], one class of such rings, containing the noetherian ones, are those over which 
assassins and weak assassins coincide: 

(F) For which rings R do we have Assr{M) = Ass^(M) for every R-module M? 

One may note that assassins and weak assassins do not necessarily coincide over a 1- 
dimensional local domain: If i? is a valuation ring with value group Q and valuation u, 
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and a := {x G -R I n(x)^ > 2}, then Assr(-R/o) is empty and Ass^(-R/a) contains the 
maximal ideal of rQ • 

We end this section with two examples, showing that the hypotheses in 11.141 cannot be 
omitted. 

(1.21) Examples A) Let K be a held. We consider the absolntely hat ring R := the 
ideal b C i? whose elements are precisely the elements of R of hnite snpport, the i?-module 
M := R/b, and / = (/n)neiN ^ R with /o = 0 and /n = 1 for every n > 0. Then, / G i?\ 0 
is idempotent, and hence the principal ideal a := {f)R is not nilpotent. Yassemi showed 
in pn Section 1, Example] that Assr(M) = 0 and in particnlar Assr{M) C Var(o). If M 
is an a-torsion modnle and x = (x„)„g]N G R, then setting Xq = 0 and x'^ = x„ for n > 0 
it follows x' := {x'^)n£TM £ b, and so there exists rio G N snch that if n > hq, then x„ = 0 
- a contradiction. This show that M is not an a-torsion modnle. 

In particnlar, the implication (3)^(1) in 11.141 does not necessarily hold, even if a is 
principal. 

B) Let i? be a 0-dimensional local ring whose maximal ideal m is not nilpotent, e.g. 
the ring constrncted below in l2.2l cL Then, R is not an m-torsion modnle, bnt Ass^(i?) C 
Spec(i?) = Var(m). 

In particnlar, the implication (2)=^(1) in 11.141 does not necessarily hold. • 

2. Rings without ITI 

In this section, we exhibit several examples of rings withont the ITI property. The hrst 
bnnch of examples relies on the following observation abont local rings with idempotent 
maximal ideal. 

(2.1) Proposition If R is a local ring whose maximal ideal m is idempotent, then the 
following statements are eguivalent: (i) R is a field; (ii) R is noetherian; (Hi) R has ITI 
with respect to m; (iv) Eji{R/m) is an m-torsion module. 

Proof. By 11.31 and 11.161 it snffices to show that (iv) implies (i). Snppose Eji^R/m) is an 
m-torsion modnle and let x G Eji{R/m) \ 0. By idempotency of m we have mx = 0, hence 
{x)r = R/m is simple. The canonical injection R/m ^ Eji^R/m) being essential we have 
(R/m) n {x)r 7 ^ 0, hence, by simplicity, x G R/m. Thns, R/m = Rij(R/m) is injective, 
and therefore R is a held by [HI 3.72]. □ 

Recall that a valuation ring is a local domain whose set of (principal) ideals is totally 
ordered with respect to inclusion, and that a Bezout ring is a domain whose ideals of hnite 
type are principal. A quotient of a valuation ring or of a Bezout ring has the property that 

'^This example was suggested by Neil Epstein via MathOverflow.net. 













INJECTIVE MODULES AND TORSION FUNCTORS 


9 


the set of its ideals is totally ordered with respect to inclusion or that its ideals of finite 
type are principal, respectively. Moreover, valuation rings are Bezout rings, and Bezout 
rings are coherent rings whose local rings are valuation rings m VI.1.2; VII.1 Exercice 
20; VII.2 Exercices 12, 14, 17]). 

(2.2) Proposition Let K he a field, let Q denote the additive monoid of positive rational 
numbers, let R := K[Q] denote the algebra of Q over K, let {cq, \ a E Q} denote its 
canonical basis, and let m := (cq | a > 0)^ and o ;= (cq, | a > 1)^. Furthermore, set 
S := Rm, u := trim, b := 0 ^, T := S'/b and p := n/b. 

a) R is a 1-dimensional Bezout ring that does not have ITI with respect to its maximal 
ideal m|^ 

h) S is a 1-dimensional valuation ring that has ITI with respect to non-maximal ideals, 
but does not have ITI with respect to its maximal ideal n. 

c)T is a D-dimensional non-coherent local ring that has ITI with respect to non-maximal 
ideals, but does not have ITI with respect to its maximal ideal p. 

Proof. First, we note that m is an idempotent maximal ideal of R and the only prime 
ideal of R containing a. Hence, S and T are local rings with idempotent maximal ideals 
n and p, respectively, and T = {R/a)m/a — R/^ is 0-dimensional. So, there is a surjective 
morphism of rings R ^ T, mapping m onto p. The ring R is the union of the increasing 
family (ii'[ej_])„g]N of principal subrings, hence a Bezout ring, and it is integral over 
its 1-dimensional subring K[ei] by 0 12.4], hence 1-dimensional (cf. [TTl Example 31]). 
Therefore, S' is a 1-dimensional valuation ring, and in particular not a held. Moreover, 
p = (0 It Y + b) is not of hnite type, hence T is not coherent ([HI 4.60]), and in particular 
not noetherian. Thus, the negative claims about ITI follow from 11.41 and 12.11 

For an ideal c C S we set Q!(c) := inf{Q! G Q | Cq, G c}. We have Q;(n) = 0, and if c, P C S 
are ideals with Q!(c) > a(P) then c C p. Since ideals of S of hnite type are of the form {ea)s 
with a E Q, it follows that an ideal c C S is of hnite type if and only if ea{c) G C- Now, 
let c C S be an ideal and let n G N. If a G Q with G c”, then there are ui,..., G Q 
with ..., ea„ G c and Cq, = Ca^+.-.+an, implying a = Ui -|- • • • -7 > nQ!(c). Therefore, 
a(c"') > na(c). Conversely, if /3 E Q with /3 > na(c), then - > Q!(c), implying e§_ E c and 

n 

thus eg E c”. Therefore, Q!(c”) < nQ!(c). It follows a(c"') = nQ;(c). 

Next, let c, P C S be non-maximal, non-zero ideals and let n G N, so that a(c"') 7 ^ 0 and 
a(p") 7 ^ 0. There exist fc,m G N with a(c”^) = ka{<F) > Q!(P”) and q;(P"™') = ma(P") > 
a(c"'), implying C p"- and P"'™ C c", and therefore T;, = Tg (cf. [HI 2.2]). It follows 
that S has ITI with respect to non-maximal ideals if and only if it has ITI with respect 
to some non-maximal ideal, and by 11.191 this is fulhlled. 

®In [3 X.l Exercice 27 f)] the reader gets the cruel task to show that i? is a valuation domain - but 
its element 1 + ei is neither invertible nor contained in m. 
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Finally, if c C S' is a non-maximal ideal then Q!(c) > 0, hence there exists n G N with 
a(c"') = nQ!(c) > 1 and therefore c"' C b. Thus, non-maximal ideals of T are nilpotent, so 


that T has ITI with respect to non-maximal ideals by 11.21 Ah 


□ 


We draw some conclusions from these examples. While a 1-dimensional local domain 
has ITI with respect to ideals of hnite type fll.l9|) . it need not have so with respect to 
every ideal fl2.2l blh While a reduced 0-dimensional ring (i.e., an absolutely flat ring) has 
ITI with respect to every ideal fll.l2|i . an arbitrary 0-dimensional ring need not have so 
02.21 c)). John Greenlees conjectured (personal communication, 2010) that a ring with 
bounded a-torsionH for some ideal a has ITI with respect to a; in particular, domains 
would have ITI with respect to every ideal. Example 12.21 bl disproves this conjecture. 

(2.3) Corollary The polynomial algebra K[{Xi)i^i\ in infinitely many indeterminates 
(Aj)jg/ over a field K does not have ITI with respect to {Xi \ i G I)Kiixpi^p- 

Proof. Let U := ih[(Xj)jg/] and let q ;= (X, | i G I)u- Assume that U has ITI with 
respect to q. Then, f/q has ITI with respect to qq bv ll.81 Furthermore, in the notations of 
12.21 there is a surjective morphism of rings U —)■ K[Q] mapping q onto m. This morphism 
induces a surjective morphism of rings f/q — )■ S' mapping qq onto n. Now. ll.3l and ll.4l implv 
that Es{S/n) is an n-torsion module, and thus S has ITI with respect to n bv 12.11 This 
contradicts 12.21 b). □ 

One may note that R = iF[(Xj)jg]N] is not only a coherent domain, but in fact a hltering 
inductive limit of noetherian rings with flat monomorphisms (cf. [Bl p. 48]), and that its 
{Xi I i G N)H-adic topology is separated, fin 12.111 we will give a direct proof of the fact 
that Eji{R/{Xi I i G N)^) is not a {Xi \ i G N)i^-torsion module.) 

(2.4) Question Inspired bv 12.31 we ask the following question: 

(G) Do polynomial algebras in (countably) infinitely many indeterminates over fields 
have ITI with respect to (monomial) ideals of finite type? • 

As an application of 12.11 we show that ITI is not necessarily preserved by tensor prod¬ 
ucts. In particular, it is not stable under base change. 

(2.5) Proposition Letp be aprime number, let K be a non-perfect field of characteristic 
p, and let L be its perfect closure. Then, L L has ITI with respect to ideals of finite 


type, but does not have ITI with respect to its maximal ideal Nil(L 



ring R is of bounded a-torsion for some ideal a if there exists n G N with r„(i?) = (0 '.r a"). 
^'^This is also the standard example showing that noetherianness is not necessarily preserved by tensor 


products (cf. [SI 1.3.2.5]). 
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Proof. It is well-known that L L is a non-noetherian 0-dimensional local ring with 
maximal ideal Nil(L L) (P, 1.3.2.5]). So, the hrst claim is clear bv ll.2I B). and by 12.11 
it snffices to show that Nil(L L) is idempotent. Let / G Nil(L L) \ 0. There exist 
m G N and families (xi)™Q and (i/i)^o in -h \ 0 with / = ® Vi- Since L is perfect, 

there exist for every i G [0,m] elements Vi,Wi G L with vf = Xi and tcf = yi. It follows 
/ = YlT=o nf ® icf = ® nnd therefore / G Nil(L <^k Ly as desired. □ 

Up to now, we saw only rings withont ITI with respect to ideals not of hnite type. The 
second bnnch of examples relies on an observation about valuation rings with maximal 
ideal of hnite type fl2.8p . 

(2.6) Lemma Let a,b R be ideals and suppose the canonical injection b ^ R is 
essential. Then, Eji{b) is an a-torsion module if and only if a is nilpotent. 

Proof. As b i? is essential, R C Er{R) = E^^b). If Eji{b) is a a-torsion module, then 
so is R, hence a is nilpotent. The converse is clear. □ 

(2.7) Corollary Let R be a quotient of a valuation ring, let x E R\0, and let a R 
be an ideal. Then, Efi{{x)R) is an a-torsion module if and only if a is nilpotent. 

Proof. The set of principal ideals of R is totally ordered with respect to inclusion, hence 
the canonical injection {x)r ^ R is essential, and thus 12.61 yields the claim. □ 

(2.8) Proposition If R is a valuation ring whose maximal ideal m is of finite type, then 
the following statements are equivalent: (i) R is noetherian; (ii) R has ITI with respect 
to m; (Hi) Eji{R/va) is an m-torsion module. 

Proof. Bv 11.31 and 11.161 it suffices to show that (hi) implies (i). Suppose (hi) holds and 
assume R is non-noetherian. By [3l VI.3.6 Proposition 9], a valuation ring with maximal 
ideal m of hnite type is noetherian if and only if its m-adic topology is separated. Hence, 
there exists x G (flneiN^’^) \ consider the local ring R := R/xva, its maximal ideal 

m := va/xva, and x := x + xm G R. If there exists n G N with m" = 0, then C xm C 
and Nakayama’s Lemma yields the contradiction m"' = 0. As (0 '.-a x) = m and 
therefore R/m = we get a contradiction from 11.41 and 12.71 □ 

(2.9) Proposition Let p be a prime number, let R := Wj[{Xi)i(z-^] be the polynomial 
algebra in indeterminates (A'j)jg]N over h, let a := {p^~'‘Xj — Xi \ i, j E ¥l,i < j)ji, let 

•= { p)r + I ^ ^ let S := R/a, and let n := m/o. Furthermore, denote by V 
the canonical image of X^ in S for i G N, let T := S^/ {pYf) s^, and let p := nn/(pYo)5n- 
a) Sn is a 2-dimensional valuation ring that does not have ITI with respect to its prin¬ 
cipal maximal ideal n^. 
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b) T is a 1-dimensional local ring that does not have ITI with respect to its principal 
maximal ideal p. 

Proof. We claim first that if i,m,n,r,s G N, then p^Yf and p'^Yf are comparable with 
respect to divisibility in S. Indeed, without loss of generality, we can suppose r < s, so 
if m < n, then the claim is clear. Otherwise, p'^Yf = p^YfYf~^~^Yi+m-n and thus the 
claim holds. Keeping in mind the dehnition of a, we see that if 6 G N and / G S', then 
there exist f G N with i > b and a hnite family in Z with / = 

particular, if /, G S', then there exist i G N and hnite families {ak)l.=Q and {bk)l^Q in 
Z with / = and g = J2k=oW'- Moreover, for / = ^l^Qakp'^*=Yf G ^ \ 0 

with z G N and hnite families {ukYk^Q ia N and {akYk=o in 2 \ (p) there exists fco := 
min{fc G [0,r] | Y 0}; and divides p^t^Yf for every k G [0,r] with Y 0- In 

particular, for / G S^ \ 0 there exist a unit u of S'n and z, fc, n G N with / = up^Yf, and 
we have / G if and only if {n,k) Y (O^O)- If follows that any two elements of S^ are 
comparable with respect to divisibility. 

Next, we show that if a G Z\0 and zz G N, then aXg ^ a. Assume oXq G a. There exists 
m G N with oXq G a' := {p>~^Xj — Xi \ i,j G [0,m],z < Yr/, where R' := Z[(Xj)^o]- H 
i,j G [0, m] with z < j, then p>~'^Xj — Xi = {p'^~^Xm — Xi) — pd~Yp'^~^X^ — Xj), hence 
a' = {p'^~'^Xm — Xi I z G [0,m —Factoring out {p'^~^Xm — Xi | z G [1, m —1])/^/ we get 
aU'^ = f {p^V — U) in the polynomial algebra Tj\U,V] with / G Z[f/, K]\0, a contradiction, 
and thus our claim. From this we get pXo ^ a and thus c := {Xi \ i G N)ij/o Y 0- 
Moreover, it also follows that S' is a domain. Indeed, if /, p G S' \ 0 with fg = 0, then 
there exist i,kj,m,n G N, a,6 G Z \ (p), and f',g' G c with / = p^YY{a + /') and 
g = p^Yf{b + g'). Furnishing R with its canonical Z-graduation and S' with the induced 
^-graduation, we get abp^^'^YY^^ = 0, hence abp^X q G a for some r, s G N, and finally 
the contradiction ab = 0. So, S' is a domain, and hence S'n is a valuation ring. 

If z G N then Kj = pFi+i, hence p divides K, in S', and therefore Un = 

(p)sn + ^ = {p)sn priucipal. Thus, p = (p)^ is principal, too. Now, let 

q G Spec(S'n) \ {0,nn}, so that p ^ q. Then, there exists an z G N with Yi G q, since ele¬ 
ments of Un are of the form up^Y^ with a unit u of S'n, z, fc, zz G N and (zz, k) Y (0, 0). This 
implies p^Yi^n = FJ G q and thus IS+n G q for every zz G N, and also Yi^k = P^Yi G q for 
every k G [0,z]. It follows q = Cn, hence Spec(S'n) = {0, Cn,nn}, and therefore dim(S'n) = 2. 
Furthermore, if z,zz G N then Yi = hence p" divides Yi in S', and therefore 

0 Y pYo € Cn C flneiN^n- Thus, T is 1-dimensional and S'n is non-noetherian, so a) follows 
from 12.81 

If zz G N*, then p” divides Yq = P^Yn, so if pTo divides p”, then Yn is a unit of S'n, 

which is a contradiction. Therefore, (pFo)s'^ contains no power of p, and hence p is not 

nilpotent. Moreover, Yq ^ {pYq)s^, so denoting by Z the canonical image of Yq in T it 
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follows p = {0 :t Z), hence T/p = {Z)t, and thus 11.31 and 12.71 imply that T does not have 
ITI with respect to p. □ 

Consider again the ring T from l2.9l Bv ll.l7l there exists a T-module M with Ass^(M) ^ 
Ass^j,{Et{M)), and we can explicitly describe such a module. Indeed, T has precisely 
one non-maximal prime and Et{T/p) is not a p-torsion module, so 11.141 implies {p} = 
Ass^(T/p) C Ass^(Er(T/p)) = Spec(T). 

We draw from the examples in 12.21 and 12.91 the conclusion that while a 1-dimensional 
local domain has ITI with respect to ideals of finite type fll.191) . an arbitrary 1-dimensionaI 
local ring need not have so. Further examples of non-noetherian valuation rings whose 
maximal ideal is of finite type can be found in [121 p. 79, Remark] and [TTl Example 32]. 

Based on 12.91 we show now that the idealisation of a module over a noetherian ring 
need not have ITI. (Recall that for a ring R and an R-module M, the idealisation of M 
is the R-algebra with underlying R-module R® M and with multiplication dehned by 
(r, x) ■ (s, y) = (rs, ry + sx).) 

(2.10) Proposition We use the notations from \2.f^ and denote by U the idealisation of 
the -module obtained from {Yi \ i E ^)sn/{pZo)sn by scalar restriction. Then, U is a 
local ring that does not have ITI with respect to its principal maximal ideal. 

Proof. For i G N we denote by Zi the canonical image of Yi in M := {Yi \ i E N)^^/(pTo)sn- 
If i,j E N, then YjYj = YoYi+j = pYqY^^j^i in Sn- Therefore, an element m of M \ 0 has 
the form m = Yl^=i'^jZij with a strictly increasing sequence in N and a family 

in \ {0}. Since Zi. = for j E [l,k — 1], it follows that m can be 

written in the form m = vZi with i G N and v E Ipp) \ {0}. Suppose that i is chosen 
minimally with this property, and assume v E Then, v = v'p^ with v' E Z(p) \ (p) 

and n > 0. If n > i, we get the contradiction vZi = v’p'^Zi = = 0. If n < i, 

we get vZi = v'p^Zi = v'Zi_n, contradicting the minimality of i. Therefore, v G Z(p) \ (p). 

The above shows that an element of 7/ \ 0 has the form {up^,vZi) with z,n G N and 
u,v E (Z(p) \ (p)) U {0} such that {u,v) ^ (0,0). Using this, it is readily checked that 
U is a local ring with maximal ideal q = {{p,0))u, that the morphism of U-modules 
U ^ U with 1 I— )■ (0, Zo) induces an isomorphism of [/-modules U/q = {{0,Zo))u, and 
that flnGN'l'' = nnGN((P”>0))c/ = © M) = 0 © M = ((0, Z^) | Z G N)c/ ^ 0. 

In particular, q is not nilpotent. Now, we consider {up"‘,vZi) G f/ \ 0 with z,n G N and 
u,v E (Z(p) \ (p)) U {0}. If M 7 ^ 0, then (wp"^, nZj)(0, m“^Z„) = (0, Zq), and if m = 0, then 
n 7 ^ 0, and therefore (wp*^, nZj)(p*, 0) = (0,Zo). From this it follows that the canonical 
injection ((0, Zq))u ^ U is essential, thus 11.31 and 12.61 yield the claim. □ 

We end this section by considering again a 0-dimensional local ring R with maximal 
ideal m. If m is nilpotent, then R has ITI with respect to every ideal fll.21 AB. If m is 
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idempotent, then R has ITI with respect to every ideal if and only if it is a held fl2.ip . All 
examples of 0-dimensional local rings without ITI constructed so far had an idempotent 
maximal ideal fl2.21l2.5p . We present now a further 0-dimensionaI local ring i?; its maximal 
ideal m is neither nilpotent nor idempotent, but T-nilpotent0, and its m-adic topology is 
separated. But still R does not have ITI with respect to m. 

(2.11) Lemma Let K be a field, let A := be the polynomial algebra in 

countably infinitely many indeterminates let n := (X, | i G N)^ and let a ;= 

({XjXj I hi ^ 7 ^ j} U I i G N})a- Then, there exists f G EA{A/n) \ 

rn(i?A(^/R)) with af = 0 . 

Proof. Let M denote the set of monomials in A. We furnish E := Aom.K{A,K) with 
its canonical structure of A-moduIe. Its elements are families in K indexed by M. For 
9 = (tti)iGM £ E and s G M we have sg = (Q!st)tGM- The morphism of A-modules A ^ E 
mapping 1 to {at)t£M with ui = 1 and at = 0 for f 7 ^ 1 has kernel n and hence induces 
a mono morphism of A-modules A/n ^ E by means of which we consider A/n as a 
sub-A-module of E. 

Let / = (ai)ig]M with a^ = 1 for t G {X* | i G N} and at = 0 for f ^ {X* | i G N}. 
If j G N with i i and f G M, then XiXjf{t) = f{XiXjt) = 0. If i G N and f G M, 
then Xl~^^f(t) = f{Xl~^^t) = 0. This implies a/ = 0. If n G N, then X” G n"" and 
X”/(l) = /(X”) = 1. Thus, if n G N, then xR’f 7^ 0. Furthermore, Xi/(1) = f{Xl) = 1, 
and for f G M \ {1} we have Xif(t) = f^Xfi) = 0, so that Xif is a non-zero element of 
A/n. Therefore, the canonical injection A/n A/n + {f)A is essential, and so it follows 
/ G E^iA/n) as desired. □ 

(2.12) Proposition Let K be a field, let A, n and a be as in \2.11l let R := A/a, denote 
for z G N by Yi the canonical image of Xi in R, and let m := (1^ | z G N)^;;. Then, R is 
a 0-dimensional local ring; its maximal ideal m is neither nilpotent nor idempotent, but 
T-nilpotent; its va-adic topology is separated; the m-torszon functor Fm is not a radical^; 
R does not have ITI with respect to m. 

Proof. We set P := {XjXj | z,j G N,z 7 ^ j} and Q := {X*^^ | z G N}. The ideal m is 
maximal since R/xn = K. As Yi is nilpotent for every z G N it follows m C Nil(i?) C 
m, hence m = Nil(i?). Thus, i? is a 0-dimensional local ring with maximal ideal m. If 
n G N and = 0, then Y// = 0, hence X” G o - a contradiction; therefore, m is not 
nilpotent. If m is idempotent, then Yi G = {Yfi I i > ^)r, hence Xi is a polynomial in 
P U Q U {X/ I z > 1}, thus a polynomial in P U {Xq} U {X/ | z > 0} - a contradiction; 
therefore, m is not idempotent. Assume now there is a family (/i)*^]^ in m with Y\f/_ =0 /* 7^ 0 


ideal a of it is T-nilpotent if for every family (idieiN in a there exists n G N with nr=o^^ = o- 
^^A radical is a subfunctor F of Id|viod(Zi) v^ith F{M/F{M)) = 0 for every it-module M. 
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for every n G N. Without loss of generality, we can suppose all the /j are monomials in 

{Yj I j e N}. As YjYj = 0 for z, j G N with i ^ j, there exists /c G N such that all the 

fi are monomials in Y^, yielding the contradiction ~ 0- Thus, m is T-nilpotent. 

If n G N, then m" = (It” | i > n)^, so in elements of m” there occurs no Yi with i < n. 

It follows that in elements of HneN there occurs no Y^ at all, hence flnsN ~ ^ and 

thus R is m-adically separated. It is readily seen that 1 + T^^R) is a non-zero element 
of Tm{R/T^{R)), hence Fm is not a radical. Finally, the A-module (0 -EAiA/n) ci) is not 
an n-torsion module by 12.111 hence by base ring independence of torsion functors and 
lU 10.1.16] we see that Eji{R/m) = (0 '-EAiA/n) d) is not an m-torsion module. Thus, 11.31 
implies that R does not have ITI with respect to m. □ 

If, in 12.111 and 12.121 we take K instead of a held to be a selhnjective ring, then the 
conclusions still hold, except that R need not be a 0-dimensional local ring and that m 
need not be a maximal ideal of R. 

3. Weak proregularity, and applications to local cohomology 

In this section we clarify the relation between ITI and weak proregularity, and then 
sketch some basic results on local cohomology for rings with ITI, but omit proofs. Results 
under ITI hypotheses on the closely related higher ideal transformation functors can be 
found in [191 2.3]. 

Let R be a ring and let a C R be an ideal. The right derived cohomological func¬ 
tor of the a-torsion functor Tq is denoted by and iF® is called the i-th lo¬ 

cal cohomology functor with respect to a. There is a canonical isomorphism of functors 
rn(«) = Hom/j(i?/a”, •) that can be canonically extended to an isomorphism of 

^-functors Ext^(R/a”, •))igz (jH 1.3.8]). 

Suppose now that a is of hnite type and let a = be a generating family of o. 

Cech cohomology with respect to a yields an exact 5-functor, denoted by (iF®(a, 

There is a canonical isomorphism rn(«) = iF°(a, •) that can be canonically extended to a 
morphism of 5-functors ja- •))jgz ([H 5.1]). The sequence a is called 

weakly proregular if 7a is an isomorphism. (By [201 3.2] this is equivalent to the usual - 
but more technical ~ dehnition of weak proregularity (in Corrections], [HI 4.21], cf. [3 
Expose II, Lemme 9]).) The ideal a is called weakly proregular if it has a weakly proregular 
generating family. By [T7[ 6.3], this is the case if and only if every hnite generating family 
of a is weakly proregular. Ideals in noetherian rings are weakly proregular ([T[ 5.1.20]), 
but the converse need not hold - see below for examples. Local cohomology with respect 
to a weakly proregular ideal a of hnite type behaves quite well, and so we may ask about 
the relation between this notion and ITI with respect to a. The next two results clarify 
this. 
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(3.1) Proposition There exist a ring R and a weakly proregular ideal a such that R 
does not have ITI with respect to a. 

Proof. The 2-dimensional domain S'n from 12.91 does not have ITI with respect to its prin¬ 
cipal maximal ideal rin = {p)sn- But p is regular, and hence Un is weakly proregular by 
[la 4.22], □ 

The proof of the next result makes use of Koszul homology and cohomology. We briefly 
recall our notations and refer the reader to [21 X.9] and jH 5.2] for details. Let a = (ai)lLi 
be a hnite sequence in R. We denote by iL,(a) the Koszul complex with respect to a 
and by K*{a) ;= IIomij(iL,(a),/?) the Koszul cocomplex with respect to a. We dehne 
functors K'.(a, ■) := iL,(a) ■ and iL*(a, ■) := IIomR(iL,(a), ■), and for z G Z we set 
//j(a, ■) := ili(iL,(a, ■)) and if*(a, ■) := if*(iL*(a, ■)). For u G N we set a“ = 

For G N with u < v there is a morphism of functors iF,(a“,B) —)• iF,(a'^,*), and 

these morphisms give rise to an inductive system of functors (iF,(a“, ■))„g]N- We denote 
its inductive limit by iF,(a°°, ■), and we set iLj(a°°, ■) := iLj(iF,(a°°, ■)). 

(3.2) Proposition Let R be a ring and let a ^ R be an ideal of finite type. If R has 
ITI with respect to a, then a is weakly proregular. 

Proof. Let a = (ai)’L]^ be a hnite generating family of a. Let z G Z. It follows from jH 
5.2.5] that there is a canonical isomorphism of functors 

(1) iL‘(a,.) = Lf„_,(a°°,.). 

Since inductive limits are exact, there is a canonical isomorphism of functors 

(2) Fr,(a“,.) = hi^(Lf,(a“,.)). 

ttGN 

If zz G N, then the components of iF,(a“) and K*{sR) are free of hnite type, hence there are 
canonical isomorphisms iL,(a“) = IIom/j(iF*(a“), i?) of complexes and 

Homi^(iL*(a“), i?) ■ = HomR(iF*(a“), ■) of functors ([21 11.2.7 Proposition 13; 11.4.2 

Proposition 2]). Therefore, there is a canonical isomorphism of functors 

(3) lh^(Lri(a“, ■)) = li^ i7i(IIomR(iF*(a“), ■)). 

If I is an injective i?-moduIe, then IIomij(«, J) is exact and thus commutes with formation 
of homology, so that there is a canonical isomorphism of i?-modules 

lir^i7,(HomR(iF*(a“),/)) = lii^ Hom«(i7*(a“, i?),/). 


(4) 



INJECTIVE MODULES AND TORSION FUNCTORS 


17 


If M G N, then is an a-torsion module ([21 X.9.1 Proposition 1 Corollaire 2]). 

Hence, there is a canonical isomorphism of functors 

(5) lim HomR(if*(a“, R),») = hm HomR(if*(a“, R), r„(«)). 

uGN liGN 

Now, if / is an injective -R-module, then so is Ta{I) by our hypothesis, and thus assem¬ 
bling the above, we get canonical isomorphisms of -R-modules 

(l)-(4) . (5) 

mSIN 

lii^Hom«(if"-Xa“),r„(/)) ^*(a,r„(/)). 

Since the components of nonzero degree of the Cech cocomplex with respect to a of an 
a-torsion module are zero, it follows that iP*(a, •) is effaceable for i G N*, and thus a is 
weakly proregular. □ 

The results from Section 1 together with 13.21 imply, for example, that ideals of hnite 
type in absolutely flat rings or in 1-dimensional local domains are weakly proregular. The 
statement about absolutely flat rings can be proven directly by hrst noting that idempo- 
tent elements are proregular and thus generate weakly proregular ideals ([2D1 2.7]), and 
then using the fact that an ideal of hnite type in an absolutely hat rings is generated by an 
idempotent ([131 4.23]). Interestingly, the same observation shows that the principal ideal 
a in Example II.211 A1 is weakly proregular. Finally, let us point out that 13.21 together with 
11.161 yields a new proof of the fact that ideals in noetherian rings are weakly proregular. 

Now we turn to basic results on local cohomology for rings with ITI. The interplay 
between To and local cohomology functors is described by the following result, proven 
analogously to [H 2.1.7] on use of 11.11 

(3.3) Proposition Suppose R has ITI with respect to a, let i > 0 and let M be an 
R-module. Then, i7*(rn(M)) = 0, and the canonical morphism H^M) —)■ Hl{M /V ^{M)) 
is an isomorphism. 

In case o is of hnite type, this follows immediately from 13.21 and the dehnitions of weak 
proregularity and of Cech cohomology. 

Using the notion of triad sequence we get the important Comparison Sequence. 

(3.4) Proposition Let n E h, let h E R and b := {b)ji, and suppose R has ITI with 
respect to o and with respect to b. Then, there is an exact sequence of functors 

0 ^ i/1 o ii--i T, o h: 0. 
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In [2ni 3.5], Schenzel gets the same conclusion under the hypothesis that a is of hnite 
type and that o, b and o + b are weakly proregular. The Comparison Sequence allows for 
an inductive proof of an ITI variant of Hartshorne’s Vanishing Theorem (|T1 3.3.3]), but 
this also follows immediately from 13.21 

The next two results concern the behaviour of local cohomology under change of rings: 
the Base Ring Independence Theorem and the Flat Base Change Theorem. Both can be 
proven analogously to [H 4.2.1; 4.3.2], relying on a general variant of the vanishing result 
lU 4.1.3]. The latter can be obtained in the noetherian case on use of the Mayer-Vietoris 
Sequence, and in general on use of the Comparison Sequence. 

(3.5) Proposition Let S be a morphism of rings. Suppose a is of finite type and 
R has ITI with respect to ideals of finite type. Then, there is a canonical isomorphism of 
6-functors 

= (Hli* I'K))iGZ- 

(3.6) Proposition Let R ^ S be a flat morphism of rings. Suppose a is coherent and 
S has ITI with respect to extensions of coherent ideals of Ro Then, there is a canonical 
isomorphism of 6-functors 

S')igs = {Hlsi* *S'))j6s. 

Under the hypothesis that a and aS are weakly proregular, the conclusion of the Base 
Ring Independence Theorem is shown to hold in [T71 6.5], while the conclusion of the Flat 
Base Change Theorem follows immediately from the dehnitions of weak proregularity and 
Cech cohomology. 

Up to now, we saw that several basic results on local cohomology can be generalised 
by replacing noetherianness with ITI properties (and maybe some coherence hypotheses). 
But alas!, this does not work for Grothendieck’s Vanishing Theorem ([H 6.1.2]). We end 
this article with a positive and a negative result in this direction for absolutely flat rings. 
Keep in mind that absolutely flat rings have ITI with respect to every ideal by 11.121 
(hence their ideals of hnite type are weakly proregular bv l3.2p and that they are moreover 
coherent. 

(3.7) Proposition Let R be an absolutely flat ring. 

a) If a R is an ideal of finite type, then 11^ = 0 for every i > 0. 

b) If R is non-noetherian, then there exist an ideal a C R not of finite type, an R-module 
M and i > dim(M) such that Hl(M) 0. 


^^The hypothesis on S is fulfilled if it has ITI with respect to ideals of finite type. 
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Proof. An ideal o C i? is idempotent, hence rn(«) = Honi/{(i?/a, •), and thns if* = 0 if 
and only if the i?-niodnle R/ a is projective. In case a is of hnite type, the i?-niodnle R/ a 
is flat and of hnite presentation, hence projective. This shows a). 

Assnme now R is non-noetherian and = 0 for every z > 0. By the above, this 
implies projectivity of every monogeneons i?-modnle, thus by [21 VIII.8.2 Proposition 4] 
the contradiction that R is semisimple (and in particular noetherian). This shows b). □ 
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